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ABSTRACT ARTICLE HISTORY
The paper considers the problem of testing for symmetry (about Received 3 August 2018
an unknown centre) of the marginal distribution of a strictly sta-  Accepted 23 January 2019

tionary and weakly dependent stochastic process. The possibility KEYWORDS

of using the autoregressive sieve bootstrap and stationary boot- Autoregressive sieve
strap procedures to obtain critical values and P-values for symmetry bootstrap; stationary
tests is explored. Bootstrap-assisted tests for symmetry are straight- bootstrap; symmetry; weak
forward to implement and require no prior estimation of asymp- dependence

totic variances. The small-sample properties of a wide variety of

tests are investigated using Monte Carlo experiments. A bootstrap-

assisted version of the triples test is found to have the best overall

performance.

1. Introduction

The problem of testing for symmetry of a probability distribution about a specified or
unspecified centre has attracted considerable attention in the literature. In view of the
fact that many nonparametric and robust statistical procedures rely on the assumption
of symmetry, this is not perhaps surprising. Symmetry, or lack of it, is also important in
terms of the definition and estimation of location since the centre of symmetry of a dis-
tribution is its only natural location parameter. Some well-known problems, such as, for
instance, testing for lack of treatment effect through paired comparisons (e.g. [1, Sec. 6.10])
or testing for time-reversibility of a stochastic process (e.g. [2-4]), may be reduced to a test
for symmetry. In the context of statistical model building, a test for symmetry is a use-
ful specification test since departures from symmetry would imply that certain families of
parametric models (e.g. models for stochastic processes that admit a linear representation
with respect to independent and symmetrically distributed noise) should not be consid-
ered as candidate models. Tests for symmetry may also be useful in evaluating the validity
of different hypotheses and models to the extent that the latter rely on or imply distribu-
tional symmetry, as is the case, for example, with many of the option and asset pricing
models, rational expectations models, and dynamic stochastic general equilibrium models
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found in the economics and finance literature (see, e.g. [5,6] for useful discussions and
many relevant references).

The present paper focuses on the problem of testing for symmetry when the centre
is unspecified, as is often the case in applied settings involving real-world data. Unlike
most of the voluminous work on this subject, which deals with independent, identically
distributed (i.i.d.) observations, we consider the more general case of dependent obser-
vations from strictly stationary stochastic processes. Available tests for symmetry of the
one-dimensional marginal distribution of dependent data include tests based on moment
conditions [7,8], distribution distance measures [4,9,10], the characteristic function [2],
and order statistics [11]. The related problem of testing for conditional symmetry around
a parametric function in a time series context was investigated by [12-14].

In our analysis, we investigate the properties of a wide variety of tests for marginal sym-
metry, most of which have been developed in i.i.d. settings. When there are deviations from
the assumption of independence, such tests cannot, of course, be expected to have the cor-
rect level unless the structure of dependence of the observations is taken into account in
the construction of critical regions for the tests. To complicate matters further, when the
centre of symmetry is unspecified, many of the available tests are based on test statistics the
large-sample null distributions of which depend on the unknown marginal distribution of
the data and/or other unknown quantities, even under i.i.d. conditions.

We argue that a convenient way of overcoming these difficulties is to use bootstrap
approximations to the null sampling distributions of the test statistics of interest. In the
presence of dependence, the key issue is how to implement the bootstrap in a way which
ensures that bootstrap samples replicate, as close as possible, the dependence structure of
the observed data. To do so, we adopt symmetrized versions of two well-known bootstrap
procedures for dependent data, namely the autoregressive sieve bootstrap (ARSB) and the
stationary bootstrap (STB), introduced by [15,16], respectively. Under the assumption that
the underlying stochastic process admits an infinite-order autoregressive representation,
the ARSB approximates the covariance structure of the data by an autoregressive sieve,
that is, a sequence of autoregressive models the order of which increases slowly with the
sample size. These finite-parameter models are then used to generate bootstrap data by
resampling from the estimated residuals. Without assuming a parametric structure for the
underlying stochastic process, the STB preserves the short-distance dependence structure
of the data by resampling overlapping blocks of consecutive observations, with the block
length being random and the average block length growing slowly with the sample size.
Unlike other bootstrap methods based on block resampling, the STB produces bootstrap
data which retain the stationarity property of the original data.

We explore how these bootstrap procedures may be used to obtain P-values and/or
critical values for tests of symmetry (about an unknown centre) of the one-dimensional
marginal distribution of strictly stationary and weakly dependent stochastic processes. We
consider twenty well-known tests, and investigate their level and power properties across
six (linear and nonlinear) data-generating processes and eight (symmetric and asymmet-
ric) noise distributions. Our simulation results show that bootstrap procedures provide a
practical and efficient way of robustifying symmetry tests to deviations from the assump-
tion of independence, without prior estimation of the asymptotic variance of the relevant
test statistics, and deliver tests that achieve good level and power properties even with a
relatively small number of bootstrap replications.
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The remainder of the paper is organized as follows. Section 2 provides an overview of
the symmetry tests under consideration. Section 3 discusses how the ARSB and STB may
be used to implement tests for symmetry in the presence of serial dependence. Section 4
examines the small-sample properties of bootstrap-assisted tests for symmetry by means
of Monte Carlo simulations. Section 5 summarizes and concludes.

2. Tests for symmetry

Consider a strictly stationary, discrete-time, real-valued stochastic process X’ = {X;}{2_
with mean p and finite variance. It is assumed that X" is weakly dependent in the sense
that its autocovariance sequence y,, = E[(Xp4m — )X — p)],m =0,1,..., is abso-
lutely summable. Given an observable segment X, = {X}, X5, ..., X,} of the process, the
aim is to test the null hypothesis that the one-dimensional marginal distribution of X is
symmetric about u, that is,

00
t=

D

where the symbol 2 denotes equality in distribution. Under (1), P(X; > u) = P(X; <
n > 1.

2.1. Tests based on measures of skewness

A classical test for symmetry is based on the empirical third standardized cumulant of X;.
Letting Z; = )7071/2(Xt —X),where X =n"1Y1  X;and po = n~ 1 Y1 (X — X)?, the
test rejects for large absolute values of the statistic

n
51 = I’Z_I/ZX:Zt3 (2)
t=1

(see, e.g. [7,17]).

Psaradakis and Vavra [11] considered a test based on a measure of skewness that
involves a linear combination of quantiles. Letting X(;) < X(2) < --- < X(»,) be the order
statistics of &}, the test rejects for large absolute values of the statistic

Sy = V/ndiéx (3)

where & = (X(tngi7)> - - - X(Tnge1)> X(Tn(1—g1) s - - > X([n(1—qp 1) X(1n/27))" for some posi-
tive integer k and constants 0 < q; < --- < gk < %, drisa (2k + 1) x 1 vector whose last
component is —2 and all other components are 1/k, and [x] denotes the smallest integer
greater than or equal to x. As in [11], the number of quantiles k is selected by minimizing
the quantity log(S;flkSk) + (k/n)logn in the range 1 < k < |/n], where flk is a consis-
tent estimator of the asymptotic covariance matrix of 4/né&x and |x] denotes the largest
integer less than or equal to x; the selected quantiles are taken to be evenly spaced over
the range 0.05 < q; < -+ < gk < 0.5. The covariance estimator € is constructed in the
manner described in [11, p. 590], except that the ‘plug-in’ procedure of [18] is used to
obtain a bandwidth estimate.
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Another class of tests is based on empirical analogues of measures of skewness which
involve the difference between the mean and a median of X;. Putting X = X([/21), the test
of [19] rejects for large absolute values of the statistic

S = (n/70)'*(X — X), (4)

which is a (normalized) empirical analogue of Yule’s measure of skewness. Miao et al. [20]
modified the test by using the mean deviation about the median as a measure of dispersion.
Their test statistic can be written as

" -1

Sy = n’2@2/m)'/? (Z |1X¢ — )"q) X -X), (5)
t=1

and may be regarded as a robustified empirical analogue of Yule’s measure of skewness (see

also [21]). Finally, the test considered by [22] rejects for large absolute values of the statistic

S5 = V/n(X — X), (6)

which is the (normalized) sample analogue of Bonferroni’s measure of skewness.

The test statistics (2)-(6) have Gaussian asymptotic null distributions with zero mean,
but their asymptotic variances depend on the unknown distribution of X; (except that of
S1) and on other unknown quantities. Holgersson [23], Zheng and Gastwirth [24], and
Lyubchich [25] investigated how suitable bootstrap procedures may be used to approximate
the distributions of &1, S3, S and Ss for independent data.

2.2, Tests based on distribution, density, and characteristic functions

Boos [26] considered a test based on the Cramér—von Mises distance between the empirical
distribution function of &}, and its symmetrization with respect to the Hodges-Lehmann
location estimator. The test rejects for large values of the statistic

-1

Se=nq|2) D IXi—Xi (ZZ|Xt+XS—2W|)—1, (7)

1<t<s<n t=1 s=1

where W is the median of the pairwise averages Wy = %{X(t) + X} 1 =<t=<s=<nThe
asymptotic null distribution of S¢, obtained by [26] under i.i.d. conditions, depends on the
distribution of X;.

The test proposed by [27] is based on the Kolmogorov distance between the empirical
distribution function of X, and its symmetrization with respect to the Schuster-Narvarte
estimator of the centre of symmetry. The test rejects for large values of the statistic

S; = n Y2 min{l : My () < My(£),0 < £ <n—1}, (8)
where
Mi(0) =max{Wi:1<t<|(n—L+1)/2],s=n—L+1—1},
My(@) =min{Wy: b+ 1<t<|[(n+L+1)/2,s=n+L0+1—1}.

Since &7 is not asymptotically distribution-free, Schuster and Barker [27] used a boot-
strap approximation to its null sampling distribution assuming i.i.d. conditions (see also
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[28]). An ARSB-assisted version of the test appropriate for weakly dependent data was
investigated by [10].

Racine and Maasoumi [4] and Maasoumi and Racine [9] considered a test based on an
empirical analogue of the squared Hellinger-Matusita distance between the distributions
of X; and 24 — X;. The test rejects for large values of the statistic

Sy = / 7200 — P07 dx )

where fl and fz are nonparametric kernel estimators of the density functions of X; and
2X — X;, respectively. Maasoumi and Racine [9] approximated the null distribution of Sg
by means of a STB procedure to take dependence into account.

The test of [29] is based on an empirical analogue of the L,-distance between the
densities of X; — t and o — X;. The test rejects for large absolute values of the statistic

Sy = nﬁ{% / [fo (o) — fo(—x)1* dx — (nb)‘le)}, (10)

where fo is a kernel estimator of the density of X; — X with kernel function K and
bandwidth b > 0. The asymptotic null distribution of (10), obtained by [29] under i.i.d.
conditions, is Gaussian with zero mean. Henderson and Parmeter [30] investigated how
a suitable bootstrap procedure may be used to approximate the null distribution of Sy for
i.i.d. data. In our implementation of tests based on Sg and So, density estimates are obtained
using a standard Gaussian kernel and the normal reference bandwidth with the adaptive
scale estimate recommended in [31, p. 47]. Examples of other tests using kernel methods
include [32,33].

Exploiting the fact that the characteristic function of X; — 1 is real-valued under (1),
Henze et al. [34] proposed a test based on the imaginary part of the empirical characteristic
function of standardized data. The test rejects for large values of the test statistic

1/2 n n 1 1
=TTy {eXp (—@(zt —zs>2> — exp (‘Z(Zf +zs>2)}, (11)
1

2n
t=1 s=

where ¢ > 0 is a pre-specified constant (we set c = 1). Since the asymptotic null distribution
of S19 depends on the distribution of X;, the authors considered a permutation procedure
for implementing the test under i.i.d. conditions.

The family of tests proposed by [2] also exploits the fact that the imaginary part of the
characteristic function of a symmetric random variable equals zero. The test considered
here rejects for large absolute values of the statistic

_n—1/22<1+22> (12)

Under general conditions that allow for weak dependence, the asymptotic null distribution
of 511 is Gaussian with zero mean but variance which depends on unknown quantities (see
[35]). Su [36] considered another statistic, based on a functional of the characteristic func-
tion, which may also be adapted to test for symmetry of i.i.d. data around an unspecified
centre.
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Premaratne and Bera [37] developed a score test for symmetry within the family of
Pearson Type IV distributions. The test rejects for large absolute values of the statistic

812 = n_l/z Z tan_l(Zt), (13)

t=1

which is asymptotically normal with zero mean (but not asymptotically pivotal) under the
null hypothesis.

We note that tests based on statistics such as (2), (12) and (13) (as well as (14) and (16)
below) may also be viewed as belonging to a general class of tests which exploit the fact
that the expectation (if it exists) of an odd function of X; — p equals zero when (1) is true.
Psaradakis [8] considered ARSB-based versions of such tests which are valid under general
serial dependence conditions that allow for autocovariance sequences that may or may not
be absolutely summable.

2.3. Tests based on signs, ranks, and spacings

There is a wide variety of tests based on statistics which involve signs, ranks, or spacings.
Such tests essentially compare the behaviour of observations that lie below and above the
centre of symmetry.

The sign test of [38] rejects for large absolute values of the statistic

Siz=n""2> (X, - X <0) - 3}, (14)

t=1

where [(A) stands for an indicator that equals 1 when condition A is true and 0 otherwise.
The weighted sign test considered in [39,40] rejects for large absolute values of the
statistic
L(n—1)/2]
Siu=n""2 3" Jt/m{I(V; — Vg <0) — 3}, (15)
t=1
where V; = X(141) — X(1), 1 <t < n — 1, are the spacings of the order statistics of X, and
J(x) = 1(0.05 < x < 0.5). The modification of the test investigated by [41] rejects for large
absolute values of the statistic

[(n—1)/2]
Sis=n""2 N {I(Vi = V,y < 0) — 3}, (16)

t=1

Another test based on spacings is the variant of the test of [42] considered by [40]. It rejects
for large absolute values of the statistic

[(n—1)/2]
_ t Vi — Vit
Sig = n /2 , 17
16 ="n E J 1)\ (17)

t=1

with J(x) = 1(0.05 < x < 0.5).
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The Wilcoxon-type test of [39] rejects for large absolute values of the statistic

Sy = n_3/ZZ Z{H(Xt +X,—2X <0) -1}, (18)

1<t<s<n

The trimmed Wilcoxon signed-rank test of [40] rejects for large absolute values of the
statistic

n
_ R, .
Sis=n"123"G X, — X), 19
s=n ;a2n+2sgn<t ) (19)
where G, (x) =min{x,% —a} for 0 <x < % and 0 <a < %, R; = Z;’Zlﬂ(le—Xl <

|X; — X|) is the rank of |X; — X, and sgn(x) = I(x > 0) — [(x < 0) is the signum func-
tion. We set 2 =0 in our implementation of the test (so S;3 is equal to a statistic originally
investigated by [17]).

For some fixed 0 < d < 1, the modified Wilcoxon test of [43] focuses on the upper and
lower | d/2] fraction of the data, and rejects for large absolute values of the statistic

N N
819 = N72 Z Z % {1 — sgn(X(NH) — X(N-H—t) - X(n—N+s) + X(n—N))} > (20)
t=1 s=1

where N = |nd/2]. We set d = 1/4 in our implementation of the test.
Finally, the triples test of [44,45] rejects for large absolute values of the statistic

-1
Sz = ﬁ@ Do XX X)), 21

1<t<s<r<n

where
(X, X, Xp) = 3 [sgn(X; + X, — 2X;) + sgn(X; + X, — 2X,) + sgn(Xs + X, — 2X))] .

The asymptotic null distributions of these statistics (under i.i.d. conditions) can be found in
the references previously cited. The statistics (14)-(21) are all asymptotically normal with
zero mean under symmetry, but their asymptotic variances, except that of S, depend on
the unknown distribution of X;; the asymptotic variance of Sy is that of a U-statistic of
degree 3 based on the kernel g.

3. Bootstrap approximations

As indicated already, testing for symmetry about an unknown centre is complicated by
the fact that, even when X, is a sample of i.i.d. observations, the asymptotic null distribu-
tions of the test statistics (2)-(21) depend on the unknown distribution of X; and/or on
other unknown quantities. Correlation among observations complicates matters further
still because the asymptotic variances of the test statistics generally depend on the covari-
ance structure of X" too. For test statistics which are asymptotically normal under the null
hypothesis, one could in principle overcome this problem, and obtain tests with asymp-
totically correct levels, through ‘Studentization’, that is, by dividing each test statistic by
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a consistent estimator (that does not depend on the distribution of X;) of its asymptotic
standard deviation. However, for the majority of the test statistics under consideration
here, the variance of their asymptotic null distribution is currently available only under
iid. conditions. As a result, Studentization with consistent estimators of these asymp-
totic variances will not produce asymptotically correct tests if there are deviations from
the i.i.d. assumption. Even in cases where asymptotic variances are estimated by means
of suitable autocorrelation-robust methods (e.g. [7,11]) or data-resampling methods (e.g.
[2,35]), conventional large-sample approximations to the null distributions of the relevant
test statistics may not necessarily be accurate for the relatively small sample sizes that are
relevant in many applications.

As a convenient way of overcoming these difficulties, we propose to use suitable boot-
strap procedures to approximate the sampling distributions of the test statistics of interest
under the null hypothesis, and thus obtain P-values and/or critical values for the asso-
ciated symmetry tests. More specifically, letting S = S(X},) be a statistic for testing the
symmetry hypothesis (1), a bootstrap approximation to its null distribution is provided
by the conditional distribution, given &}, of the bootstrap analogue §* = S(X’¥) of S; here,
Xy ={X{,X3,..., X} are bootstrap pseudo-observations generated from an estimate of
the distribution of &}, such that the conditional distribution of each X}, given X,, is sym-
metric with centre X. In practice, the bootstrap distribution of S is further approximated
by numerical simulation, which amounts to constructing B replicates {S}, S5, . .., Sp} of §*
from B independent sets of bootstrap pseudo-observations X; the empirical distribution
of {S], S5, ..., Sg} then serves as the (simulated) bootstrap approximation to the null sam-
pling distribution of S. Consequently, the (simulated) bootstrap P-value of a test that rejects
the null hypothesis (1) for large values of |S| is computed as P* (§) = B! ZIBZI I(S7| >
|:€|), where S is the observed value of S. The bootstrap test of nominal level o € (0, 1)
rejects symmetry if P* (3) < « or, equivalently, if |:’§| exceeds the ([(1 — «a)B])-th order
statistic of {|ST[,[S5],...,|Sgl}. It is worth stressing that the requirement that the boot-
strap pseudo-data X reflect the symmetry hypothesis under test, even though X" may
not satisfy (1), is essential for ensuring that the bootstrap test has reasonable power
against departures from the null hypothesis (see, e.g. [1, Sec. 15.6]). In the sequel, we
consider two different resampling schemes to generate bootstrap pseudo-observations
X, namely symmetrized versions of the schemes associated with the ARSB and STB
procedures.

The typical assumption underlying the ARSB is that X" admits the representation

Xy —p= Z i (Xe—j — ) + &, (22)
j:l

where {¢j}]9§1 is an absolutely summable sequence of real numbers and {e/}°__ are
iid., real-valued, zero-mean random variables with finite variance. The idea is to approx-
imate (22) by a finite-order autoregressive model, the order of which increases simulta-
neously with the sample size at an appropriate rate, and use this model as the basis of
a semi-parametric, residual-based bootstrap scheme (see, e.g. [15,46,47]). More specifi-
cally, for some positive integer h (chosen as a function of #n so that h increases with n
but at a slower rate), let ((ﬁhl,. .. ,gﬁhh) be the h-th order least-squares estimates of the
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autoregressive coefficients for X', obtained by minimizing

2
n h
n—m" Y X=X =D X - Xt (23)
t=h+1 j=1
and put
h
& =Xt—X—Z¢hj(Xt_j—X), t=h+1,...,n.
j:l
Then, given some initial values (X* ARTEIRE , X)), bootstrap pseudo-observations X are
obtained via the recursion
h
X:‘—X:Z¢hj(xf_j—)'<)+ef, t=1,2,..., (24)
j=1

where {¢f} are conditionally iid. random variables, given X),, the distribution of
which is the symmetrized empirical distribution of the centred residuals & = & — (n —
h)~! Z?:h 4 &, that is, the discrete distribution assigning mass [2(n — h)]~! to each £&;
(t=h+1,...,n).

We note that, although least-squares estimates ((f)hl, .. ,qAbhh) of the parameters of the
approximating autoregression are used in (24) to construct X, asymptotically equivalent
estimates, such as those obtained from the empirical Yule-Walker equations, may alter-
natively be used. The Yulei£;if;Walker estimator is theoretically attractive because its use
guarantees that the bootstrap pseudo-observations X are generated from a causal autore-
gressive process, but it is known to be significantly biased in small samples compared to the
least-squares estimator (see, e.g. [48,49]). Also note that, following [46], X" are obtained
here by setting X = X for t < 0, generating n+100 bootstrap replicates according to (24),
and then discarding the first 100 replicates to minimize the effect of initial values. Finally,
the order h of the autoregressive sieve is selected by means of Akaike’s information criterion
s0 as to minimize log &7 + 2(n — h)~'h over the range 1 < h < [10log,, n], ®7 being the
minimum value of (23). Under mild regularity conditions, a data-dependent choice of h
based on Akaike’s criterion is asymptotically efficient (e.g. [50,51]).

To describe the symmetrized STB procedure,let Y; = X;for1 <t < n,Y; = 2X — X;_,,
forn+1 <t <2n,and Y; = Y;_y, for t > 2n. The STB scheme involves sampling ran-
domly, with replacement, from a collection of blocks of random length consisting of
consecutive observations from {Y;};>; (cf. [16]). More specifically, for some p € (0, 1)
(chosen as a function of # so that p decreases with n but at a slower rate), let {L;};>1 be
conditionally i.i.d. (positive) random variables, given &},, having the geometric distribu-
tion with mean 1/p. Further, with 7 = min{r > 1: Zif:l L; > n}, let Up,...,U; be iid.
random variables, independent of {L;} and &},, having the discrete uniform distribution
on {1,2,...,2n}. Then, bootstrap pseudo-observations X are obtained by arranging in a
sequence the first n elements of B(Uy, Ly), . . ., B(Uz, L), where B(t,1) = (Y, ..., Yey1-1)
denotes a data block with starting point t > 1 and length [ > 1.

In our implementation of the STB, we set p = min{|25/(1 — p%)|~*/3n~1/3,0.9999)},
where p = (ny) ! ?:_11 (Xt+1 — X)(X¢ — X) (cf. [52]). This provides a computationally
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convenient choice for the expected block length 1/p, and is motivated by the observa-
tion that STB variance estimators have the same asymptotic accuracy as block-bootstrap
estimators based on non-overlapping data blocks of fixed length [53]. More intricate,
and potentially more accurate, ways of choosing the optimal (expected) block length
empirically are discussed in [54, Ch. 7]; we do not use them here because of their high
computational cost in the context of simulation experiments.

We conclude this section by noting that the linear structure assumed in (22) may
arguably be considered as somewhat restrictive. However, the results of [55] indicate that
linearity may not be too onerous a requirement, in the sense that the closure (with respect
to certain metrics) of the class of causal linear processes is quite large; roughly speaking,
for any strictly stationary nonlinear process, there exists another process in the closure of
causal linear processes having identical sample paths with probability exceeding 0.36. This
also suggests that the ARSB is likely to yield reasonably good approximations within a class
of processes larger than that associated with (22). Kreiss et al. [47] demonstrated that the
ARSB is asymptotically valid for a general class of statistics associated with strictly station-
ary, weakly dependent, regular processes having spectral densities that are bounded away
from zero and infinity. Such processes can always be represented in the form (22 ), with
{e:} being a strictly stationary sequence of uncorrelated (although not necessarily indepen-
dent) random variables. Then, the autoregressive coeflicients (¢p1, . .., ¢py) in (23) may
also be thought of as the coeflicients of the optimal (in a mean-square sense) linear pre-
dictor of X; — p based on the finite past {X;—; — i, ..., X;—p — n}. The finite-predictor
coeflicients are uniquely determined for each fixed integer h > 1 as long as yp > 0 and
Ym — 0 as m — 00, and converge to the corresponding infinite-predictor coeflicients as
h tends to infinity (see, e.g. [56, Sec. 7.6], [47]).

The STB is known to provide asymptotically valid approximations under general con-
ditions that allow for weak dependence, such as strong mixing ([16,54]), near-epoch
dependence [57,58], and 1 -weak dependence [59].

4, Simulation study

In this section, we report and discuss the results of a simulation study on the finite-
sample properties of bootstrap-assisted tests for symmetry under various data-generating
mechanisms.

4.1. Experimental design

In the first set of experiments, we examine the performance of symmetry tests under linear
dependence by considering artificial data from the ARMA processes:

MI1: X[ = 0.8Xt—1 + &1,
M2: X[ = 0.6Xt_1 — 0.5Xt—2 + &t
M3: X; =0.6X;—1 +0.35:_1 + &;.

Throughout this section, {&;} are i.i.d. random variables the common distribution
of which is either standard normal (labelled N in the various tables) or generalized
lambda with inverse distribution function F~!(u) = A; + (1/A2){u? — (1 — w)™},0 <
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Table 1. Noise distributions.

A A2 A3 A4 Skewness Kurtosis
N - - - - 0.0 3.0
S1 0.000000 —1.000000 —0.080000 —0.080000 0.0 6.0
S2 0.000000 —0.397912 —0.160000 —0.160000 0.0 11.6
S3 0.000000 —1.000000 —0.240000 —0.240000 0.0 126.0
Al 0.000000 —1.000000 —0.007500 —0.030000 1.5 7.5
A2 0.000000 —1.000000 —0.100900 —0.180200 2.0 21.1
A3 0.000000 —1.000000 —0.001000 —0.130000 3.2 23.8
A4 0.000000 —1.000000 —0.000100 —0.170000 3.8 40.7

u < 1 (standardized to have zero mean and unit variance). The values of (A1, A2, A3, A4)
used in the experiments are taken from [7] and can be found in Table 1; distributions S1-S3
are symmetric (but leptokurtic), whereas A1-A4 are asymmetric.

In a second set of experiments, we assess the performance of tests under nonlinear
dependence by using artificial data from the processes {X;} defined by:

M4: Xt = 0.9Xt_1H(|Xt_1| < 1) - 0.3Xt_1]1(|Xt_1| > 1) + &5
M5: X, = o&, o} =0.05+ (0.1e7_, +0.85)07 |,
Meé: Xt = 0.7Xt_28t_1 + &t
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T T T T T T T T T T T T T T T T T T T
3
c
g 01F |
o -
o T o
: B
3 0.05 " L B -
o U r T T T = = 3 T % u
(0] = - o - } T ‘;—‘ El ; } B ‘Il
@ o] I L L @ [¢ T B s (o] o &
= I W™ m I M L 4 i
0 1 | 1 | 1 | | I | | 1 | I | I 1 | | | |
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(b) Stationary bootstrap

Figure 1. Empirical rejection frequencies of symmetry tests: n = 150; (a) Autoregressive sieve bootstrap
and (b) Stationary bootstrap.
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M4, M5 and M6 define a threshold autoregressive process, a generalized autoregressive
conditionally heteroskedastic process, and a bilinear process, respectively. In all three cases,
the third cumulant of X; is zero if &; is symmetric (cf. [60, pp. 166-167], [61]), and {X;}
does not admit the representation (22) with respect to an i.i.d. noise sequence.

For each design point, 1,000 independent realizations of {X;} of length 100+n, with
n € {150,300}, are generated. (Results for n =500 are not reported here in order to save
space, but are available from the authors upon request.) The first 100 data points of each
realization are then discarded in order to eliminate start-up effects and the remaining n
data points are used to compute the values of the test statistics (2)-(19). The number of
bootstrap replications is set to B=199. We note that using a larger number of bootstrap
replications does not change the results substantially. Hall [62] and Jockel [63] provide
theoretical explanations of the ability of simulation-based inference procedures to yield
good results for relatively small values of the simulation size.

4.2. Simulation results

Results over all 24 design points which satisfy the null hypothesis of symmetry are sum-
marized graphically in Figures 1 and 2. These show boxplots of the Monte Carlo rejection
frequencies of ARSB-assisted and STB-assisted tests of nominallevel « = 0.05. The top and

T T T T T T T T T T T T T T T T T T T T
3
C
S 01F7 —
oy :
o i T T
c ; T L T R & LT
o - T T - T
= i SRl = (o] @ i B L1
.30-05@@EE® EB " UR U
[] + L i

O 1 1 1 1 1 1 | 1 1 1 1 1 1 1 1 1 1 1 1 |
S, S,8,S,S,S,S, S, §,8,,5,5,5,,5,,5,:5,S,;S,5S,5S,
(a) Autoregresswe sieve bootstrap
>
2
g 01r _
o
o
c
2 005+ - = o i - i
5 0. 7 ‘ T oE T ¥ u
o) - e A = [ [e] [e] IZI i 4 |Z|
k) [o] # i E B i B i . o] & @
EETTTLE RS Ue
0 1 1 1 1 1 1 1 1 L 1 1 1 1 1 1 1 1 1 1 1
S'] SZ S3 S4 S5 SG S7 SS SQ S10 S’l’l S12 813 S14 S15 S’IS S17 S18 S']Q S20

(b) Stationary bootstrap

Figure 2. Empirical rejection frequencies of symmetry tests: n = 300; (a) Autoregressive sieve bootstrap
and (b) Stationary bootstrap.
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bottom of each coloured box represent the 25th and 75th percentiles, respectively, of the
empirical rejection frequencies, the black diamond inside the box indicates the mean value,
and the whiskers indicate the 10th and 90th percentiles. Detailed results for individual
design points can be found in Tables A1-A20 in the Appendix.

Although both bootstrap procedures are generally successful at controlling the discrep-
ancy between the exact and nominal probabilities of Type I error, the ARSB seems to have
an advantage, especially for the smaller of the two sample sizes considered. Even in those
cases, however, where some level distortion is observed, it is not of a magnitude that makes
the tests unattractive for application. It is possible that the level properties of STB-assisted
tests can be improved further by using a more sophisticated data-driven method to select
the (expected) block length.

Boxplots of the empirical rejection frequencies of tests of nominal level & = 0.05 over
the 24 design points which do not satisfy the null hypothesis of symmetry are shown in
Figures 3 and 4. Results for individual design points are reported in Tables A1-A20 in the
Appendix. Regardless of which of the two bootstrap procedures is used, the triples test
based on Sy tends to be the top performer in terms of average empirical power (indicated
by black diamonds), albeit only marginally in some cases. Among the other tests, S1; and
817 are also competitive, and outperform the classical skewness test Sp, which is also based
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-

T L T = = T = T T \7 T T I T -!— _‘l_
zostT &+ [ [] [ 3 - T [ H
C | i
5 . |
i . i i
E °e URMEG .
§ 041 T L , -
° , I i i : ! ‘
o | i o7 L L1 E o R A
oz-; T T H L& &1 = L L & B 7
o | | | | | | \_ | | | | | | | | | | I | |
S1 S2 S3 S4 S5 SG S7 SB SQ S']O S1’l S12 S13 S14 S15 S16 S17 S18 S19 SZO

(b) Stationary bootstrap

Figure 3. Empirical rejection frequencies of symmetry tests: n = 150; (a) Autoregressive sieve bootstrap
and (b) Stationary bootstrap.
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Figure 4. Empirical rejection frequencies of symmetry tests: n = 300; (a) Autoregressive sieve bootstrap
and (b) Stationary bootstrap.

on a linear statistic involving an odd function of standardized data (this is consistent with
findings reported in [8]). Tests based on Sg, Sg and Sy are almost as powerful overall as
those based on S;; and 812, and between the two density-based tests Sg has a slight power
advantage over Sg. Among the nonparametric tests, the Wilcoxon-type tests based on S;7
and S tend to have the highest rejection frequencies. Rather unsurprisingly, the rejection
frequencies of all tests improve with increasing skewness (and leptokurtosis) in the noise
distribution, as well as with an increasing sample size.

Finally, inspection of the results obtained under processes M4-M6 reveals that devi-
ations from the linearity assumption which underlines the ARSB procedure do not have
an adverse effect on the properties of bootstrap tests. ARSB-assisted tests generally work
well even for data that are generated by processes which are not representable as in (22). It
can also be seen in Tables A1-A20 that test rejection frequencies are higher for data with
asymmetric marginal distributions simulated from nonlinear processes.

5. Summary

This paper has considered the problem of testing for symmetry (around an unspecified
centre) of the one-dimensional marginal distribution of a strictly stationary and weakly
dependent stochastic process. We have examined the properties of twenty different tests,
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most of which have been proposed for i.i.d. observations. Since conventional large-sample
approximations to the null distributions of many of the test statistics are either unavailable
under dependence or involve unknown quantities (including the marginal distribution of
the data), we have explored how the ARSB and the STB procedures may be used to obtain P-
values and/or critical values for the tests. Such bootstrap-assisted tests are straightforward
to implement and require no prior estimation of asymptotic variances. Our simulation
study has revealed that the ARSB-assisted version of the well-known triples test provides
the best overall performance in terms of level accuracy and empirical power.
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Appendix: Tables

Table A1. Empirical rejection frequencies of S.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=300

0.06
0.05
0.04
0.03
0.05
0.10

0.08
0.06
0.06
0.05
0.04
0.08

0.05
0.06
0.07
0.05
0.05
0.13

0.04
0.06
0.07
0.06
0.06
0.10

0.05
0.07
0.07
0.04
0.06
0.13

0.04
0.07
0.06
0.04
0.06
0.12

0.05
0.06
0.06
0.03
0.09
0.10

0.07
0.05
0.06
0.03
0.06
0.11

0.21
0.58
0.34
0.84
0.90
0.38

0.34
0.86
0.64
0.96
0.96
0.47

0.1
032
0.19
0.34
0.46
0.23

0.21
0.45
0.31
0.58
0.64
0.33

0.26
0.69
0.49
0.81
0.92
0.58

0.48
0.92
0.78
0.89
0.96
0.67

0.30
0.71
0.47
0.81
0.88
0.62

0.48
0.82
0.73
0.87
0.92
0.70

0.03
0.03
0.05
0.04
0.04
0.03

0.04
0.03
0.04
0.04
0.02
0.03

0.02
0.03
0.04
0.03
0.06
0.02

0.04
0.04
0.04
0.04
0.03
0.03

0.03
0.04
0.03
0.03
0.04
0.03

0.04
0.03
0.03
0.03
0.03
0.03

0.02
0.02
0.03
0.04
0.03
0.03

0.03
0.04
0.03
0.04
0.02
0.03

0.17
0.62
0.34
0.77
0.86
0.29

0.42
0.91
0.73
0.95
0.95
0.41

0.10
0.28
0.15
0.33
0.37
0.14

0.25
0.52
0.39
0.55
0.61
0.23

0.41
0.75
0.63
0.79
0.85
0.49

0.77
0.91
0.90
091
0.91
0.54

041
0.70
0.69
0.73
0.84
0.46

0.77
0.84
0.85
0.87
0.86
0.56
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Table A2. Empirical rejection frequencies of S;.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4

n=300 M1

0.06
0.05
0.05
0.05
0.03
0.04

0.04
0.03
0.05
0.04
0.02
0.04

0.04
0.04
0.04
0.04
0.04
0.04

0.05
0.06
0.03
0.03
0.05
0.04

0.05
0.04
0.05
0.05
0.03
0.05

0.05
0.06
0.05
0.05
0.04
0.05

0.06
0.03
0.05
0.04
0.06
0.06

0.06
0.05
0.03
0.07
0.04
0.06

0.18
0.38
0.32
043
0.86
0.45

0.30
0.73
0.61
0.75
0.99
0.81

0.1
0.22
0.20
0.22
0.48
0.24

0.20
043
0.38
0.31
0.78
0.48

0.31
0.85
0.62
0.74
1.00
0.96

0.60
1.00
0.94
0.98
1.00
1.00

0.35
0.90
0.67
0.71
1.00
0.96

0.66
0.99
0.97
0.98
1.00
1.00

0.02
0.03
0.02
0.01
0.02
0.03

0.02
0.02
0.02
0.03
0.03
0.03

0.02
0.01
0.02
0.03
0.03
0.02

0.05
0.02
0.02
0.03
0.03
0.05

0.03
0.02
0.02
0.02
0.03
0.04

0.02
0.03
0.03
0.03
0.03
0.03

0.04
0.02
0.02
0.03
0.01
0.04

0.04
0.02
0.04
0.04
0.03
0.03

0.08
0.27
0.16
0.36
0.84
0.39

0.21
0.68
0.43
0.76
0.99
0.78

0.07
0.12
0.12
0.14
0.38
0.20

0.18
0.31
0.27
0.27
0.73
0.44

0.24
0.76
0.46
0.72
1.00
0.90

0.59
0.99
091
0.98
1.00
1.00

0.26
0.83
0.52
0.70
1.00
0.92

0.63
1.00
0.94
0.97
1.00
1.00

Table A3. Empirical rejection frequencies of S;.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4
M5

n=300 M1
M2
M3
M4

Mé

0.05
0.07
0.05
0.05
0.03
0.04

0.06
0.05
0.05
0.04
0.03
0.06

0.05
0.05
0.06
0.04
0.03
0.04

0.07
0.03
0.06
0.04
0.04
0.04

0.06
0.05
0.05
0.04
0.03
0.05

0.05
0.06
0.04
0.04
0.04
0.05

0.07
0.04
0.05
0.05
0.05
0.06

0.05
0.06
0.05
0.04
0.05
0.04

0.18
0.48
0.36
0.53
0.88
0.47

0.35
0.80
0.71
0.86
0.99
0.72

0.15
0.26
0.25
0.23
0.50
0.24

0.28
0.51
0.42
0.44
0.84
0.45

0.46
0.90
0.80
0.83
1.00
0.90

0.81
1.00
1.00
1.00
1.00
0.99

0.47
0.92
0.80
0.84
1.00
0.92

0.84
1.00
0.99
1.00
1.00
1.00

0.02
0.02
0.03
0.02
0.02
0.02

0.02
0.02
0.03
0.03
0.03
0.04

0.03
0.01
0.01
0.02
0.03
0.01

0.02
0.02
0.03
0.04
0.02
0.04

0.03
0.03
0.02
0.03
0.03
0.03

0.03
0.03
0.02
0.02
0.03
0.04

0.03
0.02
0.03
0.04
0.03
0.02

0.04
0.04
0.03
0.03
0.04
0.05

0.08
0.35
0.23
0.46
0.87
043

0.21
0.72
0.53
0.83
1.00
0.72

0.07
0.15
0.13
0.22
0.46
0.22

0.16
0.38
0.32
0.41
0.83
0.42

0.26
0.81
0.61
0.86
1.00
0.87

0.63
1.00
0.95
1.00
1.00
0.99

0.28
0.87
0.57
0.84
0.99
0.90

0.70
0.99
0.98
0.99
1.00
0.98

Table A4. Empirical rejection frequencies of S.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=300 M1

0.07
0.05
0.05
0.05
0.03
0.04

0.05
0.04
0.06
0.03
0.05
0.04

0.05
0.03
0.06
0.05
0.04
0.06

0.06
0.04
0.05
0.05
0.04
0.05

0.05
0.04
0.06
0.04
0.06
0.06

0.05
0.05
0.04
0.06
0.04
0.05

0.07
0.03
0.08
0.04
0.05
0.05

0.05
0.06
0.04
0.06
0.06
0.05

0.23
0.52
0.38
0.54
0.90
0.48

0.39
0.80
0.69
0.87
1.00
0.77

0.15
0.29
0.21
0.22
0.55
0.26

0.27
0.51
0.47
0.46
0.85
0.47

0.41
0.90
0.80
0.88
1.00
0.93

0.77
1.00
0.98
1.00
1.00
0.99

0.47
0.94
0.87
0.83
1.00
0.96

0.77
1.00
0.98
0.99
1.00
1.00

0.02
0.02
0.03
0.04
0.03
0.02

0.03
0.03
0.02
0.03
0.03
0.03

0.03
0.01
0.01
0.02
0.03
0.03

0.02
0.02
0.02
0.02
0.04
0.03

0.05
0.01
0.03
0.03
0.04
0.04

0.03
0.02
0.04
0.04
0.02
0.04

0.05
0.02
0.03
0.03
0.03
0.03

0.03
0.02
0.03
0.02
0.04
0.05

0.09
0.37
0.20
0.47
0.87
0.44

0.26
0.74
0.50
0.83
1.00
0.75

0.10
0.18
0.15
0.19
0.48
0.24

0.17
0.44
0.36
0.42
0.81
0.46

0.29
0.85
0.62
0.87
1.00
0.89

0.69
0.99
0.95
1.00
1.00
1.00

0.35
0.87
0.69
0.86
1.00
0.95

0.70
1.00
0.99
1.00
1.00
1.00
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Table A5. Empirical rejection frequencies of Ss.
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ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4

0.06
0.05
0.05
0.05
0.04
0.05

0.06
0.05
0.03
0.06
0.05
0.04

0.05
0.06
0.06
0.05
0.04
0.04

0.05
0.05
0.05
0.05
0.02
0.05

0.05
0.05
0.07
0.06
0.05
0.05

0.05
0.04
0.05
0.05
0.04
0.04

0.06
0.04
0.05
0.06
0.04
0.05

0.05
0.04
0.05
0.05
0.05
0.04

0.17
0.47
0.35
0.53
0.88
0.46

0.40
0.80
0.64
0.85
1.00
0.75

0.13
0.24
0.24
0.22
0.48
0.24

0.24
0.51
0.44
0.44
0.81
0.45

0.41
0.90
0.79
0.83
1.00
0.89

0.77
1.00
0.98
1.00
1.00
0.99

0.42
0.92
0.79
0.82
1.00
0.92

0.81
1.00
0.99
0.99
1.00
0.99

0.04
0.02
0.03
0.01
0.02
0.04

0.03
0.02
0.03
0.03
0.03
0.04

0.03
0.02
0.02
0.02
0.03
0.03

0.02
0.02
0.02
0.04
0.03
0.02

0.02
0.02
0.01
0.03
0.03
0.02

0.03
0.02
0.02
0.02
0.03
0.03

0.04
0.02
0.02
0.02
0.03
0.03

0.01
0.03
0.04
0.03
0.04
0.04

0.10
0.36
0.17
0.48
0.90
0.39

0.24
0.75
0.50
0.83
1.00
0.76

0.06
0.15
0.11
0.19
0.47
0.18

0.13
0.40
0.30
0.46
0.80
0.42

0.23
0.83
0.48
0.86
1.00
0.89

0.62
1.00
0.94
0.99
1.00
0.99

0.28
0.80
0.58
0.82
1.00
0.91

0.69
1.00
0.96
0.99
1.00
0.99

Table A6. Empirical rejection frequencies of Sg.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4
M5

M1
M2
M3
M4

Mé

0.07
0.05
0.05
0.05
0.04
0.03

0.07
0.06
0.06
0.04
0.04
0.05

0.06
0.06
0.06
0.06
0.02
0.04

0.06
0.05
0.04
0.05
0.05
0.04

0.07
0.06
0.06
0.07
0.05
0.03

0.06
0.04
0.06
0.06
0.04
0.05

0.06
0.04
0.05
0.06
0.05
0.06

0.04
0.05
0.07
0.06
0.06
0.05

0.24
0.69
0.49
0.76
0.97
0.59

041
0.94
0.79
0.99
1.00
0.90

0.13
0.31
0.30
0.35
0.57
0.32

0.31
0.66
0.50
0.67
0.85
0.55

0.53
0.98
0.93
0.98
1.00
0.98

0.87
1.00
1.00
1.00
1.00
1.00

0.58
0.99
0.94
0.98
1.00
0.98

0.91
1.00
1.00
1.00
1.00
1.00

0.02
0.03
0.02
0.05
0.05
0.04

0.04
0.04
0.04
0.03
0.05
0.03

0.03
0.03
0.03
0.04
0.05
0.04

0.04
0.03
0.04
0.04
0.04
0.05

0.03
0.03
0.04
0.04
0.03
0.03

0.03
0.02
0.02
0.03
0.04
0.04

0.04
0.02
0.04
0.03
0.04
0.04

0.04
0.04
0.04
0.05
0.04
0.04

0.16
0.55
0.31
0.71
0.95
0.58

0.35
0.90
0.70
0.99
1.00
0.90

0.10
0.25
0.16
0.28
0.55
0.27

0.25
0.55
0.39
0.57
0.87
0.55

0.39
0.97
0.75
0.98
1.00
0.97

0.80
1.00
1.00
1.00
1.00
1.00

0.47
0.96
0.82
0.97
1.00
0.97

0.86
1.00
1.00
1.00
1.00
1.00

Table A7. Empirical rejection frequencies of S;.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n =300

0.07
0.06
0.08
0.07
0.03
0.07

0.04
0.06
0.09
0.07
0.04
0.05

0.08
0.07
0.08
0.07
0.06
0.07

0.07
0.06
0.07
0.09
0.07
0.08

0.08
0.07
0.07
0.08
0.06
0.06

0.07
0.07
0.08
0.08
0.06
0.07

0.07
0.09
0.09
0.10
0.04
0.06

0.06
0.09
0.07
0.07
0.05
0.06

0.23
0.55
0.46
0.50
0.87
0.52

0.42
0.83
0.75
0.87
1.00
0.85

0.17
0.26
0.26
0.23
0.44
0.23

0.27
0.46
0.49
0.38
0.73
0.46

0.49
0.90
0.90
0.88
1.00
0.96

0.85
0.99
1.00
1.00
1.00
1.00

0.55
0.95
0.93
0.85
1.00
0.95

0.84
1.00
1.00
1.00
1.00
1.00

0.03
0.02
0.02
0.02
0.02
0.04

0.01
0.03
0.03
0.03
0.03
0.04

0.03
0.02
0.03
0.05
0.03
0.03

0.03
0.02
0.02
0.04
0.03
0.05

0.02
0.02
0.02
0.04
0.02
0.03

0.04
0.03
0.04
0.04
0.04
0.04

0.03
0.03
0.03
0.06
0.03
0.03

0.03
0.05
0.02
0.02
0.03
0.04

0.09
0.30
0.22
041
0.79
041

0.23
0.69
0.51
0.80
0.99
0.78

0.07
0.13
0.10
0.13
0.35
0.17

0.12
0.28
0.29
0.28
0.66
0.36

0.24
0.72
0.62
0.83
0.99
0.89

0.65
0.99
0.97
0.99
1.00
1.00

0.29
0.76
0.68
0.80
0.99
0.91

0.71
1.00
0.98
1.00
1.00
1.00
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Table A8. Empirical rejection frequencies of Sg.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4

n=300 M1

0.05
0.04
0.04
0.03
0.03
0.06

0.05
0.03
0.07
0.05
0.04
0.04

0.05
0.05
0.06
0.06
0.06
0.05

0.07
0.05
0.06
0.07
0.05
0.07

0.05
0.05
0.06
0.05
0.07
0.06

0.05
0.06
0.07
0.05
0.07
0.06

0.05
0.06
0.07
0.05
0.06
0.12

0.05
0.06
0.07
0.06
0.07
0.08

0.19
0.63
0.45
0.73
0.97
0.69

0.39
0.92
0.78
0.97
1.00
0.91

0.15
0.36
0.26
0.37
0.63
037

0.27
0.65
0.51
0.64
0.89
0.60

0.35
0.98
0.84
1.00
1.00
0.99

0.79
1.00
1.00
1.00
1.00
1.00

0.42
0.99
0.85
0.98
1.00
0.99

0.79
1.00
0.99
1.00
1.00
1.00

0.02
0.03
0.02
0.03
0.02
0.05

0.03
0.04
0.04
0.05
0.03
0.04

0.03
0.03
0.03
0.05
0.05
0.03

0.04
0.03
0.04
0.06
0.05
0.04

0.03
0.03
0.03
0.04
0.06
0.04

0.05
0.05
0.05
0.05
0.05
0.04

0.04
0.03
0.04
0.05
0.03
0.06

0.04
0.04
0.06
0.04
0.04
0.05

0.15
0.58
037
0.72
0.97
0.63

0.35
0.91
0.71
0.96
1.00
0.88

0.1
0.27
0.20
0.33
0.59
0.28

0.22
0.55
0.47
0.58
0.88
0.57

0.37
0.96
0.80
0.99
1.00
0.98

0.78
1.00
1.00
1.00
1.00
1.00

0.42
0.98
0.83
0.98
1.00
0.98

0.85
1.00
1.00
1.00
1.00
1.00

Table A9. Empirical rejection frequencies of S.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4
M5

n=300 M1
M2
M3
M4

Mé

0.04
0.04
0.04
0.05
0.03
0.05

0.06
0.06
0.06
0.04
0.04
0.05

0.03
0.07
0.06
0.04
0.04
0.07

0.04
0.05
0.04
0.06
0.03
0.03

0.03
0.06
0.04
0.07
0.04
0.08

0.04
0.07
0.05
0.05
0.05
0.05

0.05
0.04
0.05
0.07
0.08
0.1

0.03
0.06
0.04
0.07
0.07
0.08

0.20
0.59
0.36
0.64
0.97
0.66

0.35
0.90
0.71
0.93
1.00
0.92

0.10
0.29
0.21
0.29
0.64
0.40

0.23
0.52
043
0.55
0.90
0.58

0.30
0.98
0.79
0.96
1.00
0.99

0.70
1.00
0.99
1.00
1.00
1.00

0.34
0.97
0.82
0.96
1.00
0.99

0.75
1.00
1.00
1.00
1.00
1.00

0.03
0.04
0.02
0.03
0.03
0.04

0.03
0.05
0.03
0.04
0.04
0.04

0.03
0.03
0.04
0.05
0.03
0.05

0.02
0.05
0.03
0.05
0.04
0.05

0.03
0.03
0.04
0.04
0.04
0.05

0.02
0.04
0.02
0.06
0.05
0.06

0.04
0.04
0.05
0.04
0.06
0.05

0.03
0.03
0.04
0.05
0.05
0.05

0.13
0.51
0.30
0.64
0.95
0.56

0.29
0.86
0.62
0.94
1.00
0.94

0.08
0.22
0.14
0.25
0.61
0.30

0.17
0.55
0.41
0.50
0.87
0.55

0.30
0.97
0.76
0.95
1.00
0.98

0.78
1.00
0.99
1.00
1.00
1.00

0.38
0.97
0.78
0.96
1.00
0.98

0.78
1.00
0.99
1.00
1.00
1.00

Table A10. Empirical rejection frequencies of Sy.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=300 M1

0.05
0.05
0.07
0.04
0.07
0.06

0.05
0.06
0.05
0.06
0.05
0.04

0.07
0.06
0.06
0.04
0.05
0.05

0.05
0.05
0.06
0.06
0.04
0.06

0.05
0.04
0.07
0.03
0.05
0.07

0.05
0.06
0.03
0.04
0.05
0.06

0.06
0.06
0.07
0.05
0.05
0.07

0.04
0.04
0.07
0.04
0.06
0.06

0.26
0.76
0.50
0.90
0.98
0.51

0.49
0.98
0.78
1.00
0.99
0.60

0.17
0.42
0.30
0.52
0.63
0.27

0.27
0.69
0.49
0.76
0.79
0.38

0.47
0.98
0.89
0.99
1.00
0.83

0.76
0.99
0.97
0.99
1.00
0.82

0.51
0.96
0.85
0.98
0.99
0.78

0.77
0.98
0.96
0.98
0.99
0.83

0.05
0.03
0.03
0.04
0.04
0.06

0.03
0.03
0.03
0.03
0.04
0.05

0.04
0.03
0.04
0.04
0.05
0.06

0.03
0.03
0.04
0.03
0.03
0.03

0.06
0.04
0.03
0.06
0.05
0.04

0.01
0.05
0.07
0.06
0.05
0.04

0.06
0.04
0.05
0.04
0.04
0.03

0.05
0.03
0.03
0.03
0.05
0.04

0.25
0.72
043
0.89
0.98
0.53

0.48
0.97
0.80
0.99
0.99
0.58

0.15
0.38
0.24
0.42
0.59
0.25

0.31
0.65
0.47
0.78
0.80
0.31

0.49
0.94
0.81
0.99
0.99
0.77

0.86
0.98
0.94
1.00
0.99
0.81

0.54
0.93
0.84
0.97
0.99
0.80

0.88
0.98
0.93
0.99
0.99
0.80
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Table A11. Empirical rejection frequencies of Sy1.
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ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4

0.03
0.04
0.06
0.06
0.05
0.06

0.05
0.06
0.04
0.06
0.03
0.08

0.06
0.05
0.05
0.05
0.06
0.07

0.04
0.06
0.05
0.06
0.05
0.06

0.04
0.05
0.07
0.07
0.05
0.07

0.07
0.05
0.05
0.05
0.07
0.08

0.06
0.05
0.05
0.06
0.07
0.08

0.05
0.06
0.04
0.07
0.05
0.07

0.27
0.73
0.50
0.84
0.98
0.65

0.44
0.97
0.80
0.99
1.00
0.85

0.15
0.44
0.27
0.45
0.69
037

0.30
0.74
0.52
0.79
0.90
0.51

0.49
0.98
0.87
0.98
1.00
0.91

0.84
1.00
1.00
1.00
1.00
0.98

0.52
0.98
0.91
0.99
1.00
0.94

0.86
1.00
1.00
1.00
1.00
0.98

0.04
0.03
0.05
0.04
0.03
0.05

0.04
0.03
0.04
0.05
0.06
0.03

0.03
0.04
0.04
0.05
0.03
0.04

0.03
0.05
0.04
0.06
0.08
0.05

0.05
0.06
0.04
0.03
0.05
0.05

0.04
0.04
0.03
0.03
0.05
0.05

0.04
0.04
0.03
0.06
0.04
0.03

0.04
0.05
0.04
0.04
0.04
0.05

0.17
0.65
0.40
0.83
0.98
0.60

0.42
0.97
0.77
1.00
1.00
0.84

0.13
0.34
0.23
0.37
0.63
0.31

0.29
0.67
0.52
0.71
0.90
0.53

0.48
0.98
0.84
0.99
1.00
0.90

0.86
1.00
1.00
1.00
1.00
0.97

0.56
0.97
0.87
0.98
0.99
0.90

0.90
1.00
0.99
1.00
1.00
0.98

Table A12. Empirical rejection frequencies of Sy;.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4
M5

M1
M2
M3
M4

Mé

0.05
0.04
0.03
0.05
0.05
0.07

0.05
0.06
0.05
0.07
0.04
0.05

0.06
0.06
0.05
0.03
0.06
0.08

0.05
0.06
0.05
0.05
0.06
0.06

0.05
0.07
0.07
0.07
0.08
0.07

0.06
0.05
0.06
0.05
0.05
0.05

0.05
0.07
0.05
0.05
0.06
0.09

0.07
0.05
0.05
0.05
0.05
0.08

0.25
0.78
0.48
0.89
0.99
0.54

0.46
0.97
0.84
1.00
1.00
0.77

0.20
0.45
0.29
0.50
0.69
0.34

0.29
0.68
0.54
0.79
0.87
0.50

0.47
0.97
0.88
0.98
1.00
0.87

0.87
1.00
1.00
1.00
1.00
0.94

0.49
0.97
0.88
0.99
1.00
0.87

0.87
1.00
0.99
1.00
1.00
0.95

0.03
0.05
0.03
0.06
0.04
0.03

0.04
0.03
0.03
0.04
0.04
0.04

0.05
0.04
0.04
0.03
0.05
0.06

0.05
0.04
0.03
0.04
0.05
0.04

0.05
0.03
0.04
0.05
0.06
0.04

0.05
0.03
0.05
0.05
0.03
0.03

0.04
0.04
0.05
0.03
0.05
0.04

0.06
0.04
0.04
0.03
0.05
0.05

0.23
0.76
0.45
0.89
0.97
0.54

0.46
0.97
0.80
1.00
0.99
0.72

0.18
0.34
0.23
0.44
0.62
0.28

0.34
0.70
0.50
0.76
0.89
0.44

0.50
0.96
0.85
0.99
0.99
0.81

0.87
1.00
1.00
1.00
1.00
0.93

0.54
0.95
0.88
0.98
1.00
0.82

0.91
1.00
0.99
1.00
1.00
0.94

Table A13.

Empirical rejection frequencies of Sy3.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n =300

0.08
0.07
0.07
0.06
0.04
0.07

0.08
0.08
0.06
0.06
0.06
0.05

0.06
0.07
0.05
0.05
0.07
0.07

0.05
0.07
0.06
0.06
0.06
0.07

0.06
0.07
0.08
0.05
0.08
0.07

0.04
0.06
0.05
0.07
0.07
0.06

0.06
0.08
0.06
0.09
0.08
0.08

0.06
0.05
0.05
0.07
0.08
0.06

0.19
0.49
0.36
0.59
0.92
0.59

0.31
0.79
0.64
0.86
1.00
0.80

0.15
0.35
0.26
0.26
0.61
0.31

0.25
0.55
0.42
0.51
0.84
0.54

0.33
091
0.70
0.92
1.00
0.95

0.70
1.00
0.97
0.99
1.00
0.99

0.36
0.93
0.70
0.89
1.00
0.97

0.72
1.00
0.96
0.99
1.00
1.00

0.04
0.06
0.05
0.04
0.04
0.04

0.03
0.03
0.04
0.05
0.06
0.05

0.05
0.06
0.05
0.04
0.07
0.05

0.05
0.05
0.03
0.04
0.05
0.05

0.04
0.05
0.04
0.04
0.04
0.05

0.07
0.04
0.05
0.05
0.04
0.04

0.06
0.04
0.05
0.06
0.06
0.04

0.04
0.04
0.06
0.04
0.03
0.04

0.16
0.40
0.25
0.52
0.88
0.51

0.30
0.72
0.60
0.83
0.99
0.77

0.12
0.26
0.20
0.25
0.56
0.25

0.23
0.44
0.35
0.47
0.84
0.50

0.37
0.88
0.63
0.89
1.00
0.94

0.72
1.00
0.94
0.99
1.00
1.00

0.40
0.90
0.68
0.90
1.00
0.94

0.74
1.00
0.96
1.00
1.00
0.99
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Table A14. Empirical rejection frequencies of Sya.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4

n=300 M1

0.06
0.08
0.06
0.08
0.06
0.05

0.06
0.06
0.06
0.05
0.04
0.07

0.09
0.07
0.07
0.08
0.05
0.07

0.06
0.05
0.06
0.06
0.08
0.07

0.05
0.09
0.07
0.1
0.05
0.08

0.08
0.05
0.07
0.06
0.06
0.07

0.07
0.08
0.06
0.07
0.08
0.07

0.06
0.06
0.06
0.07
0.07
0.06

0.17
033
0.32
0.32
0.62
0.36

0.27
0.53
0.45
0.52
0.88
0.56

0.15
0.21
0.18
0.18
0.32
0.20

0.23
0.25
0.32
0.23
0.51
0.34

0.35
0.63
0.60
0.48
0.97
0.75

0.60
0.91
0.87
0.77
1.00
0.95

0.35
0.70
0.67
0.46
0.98
0.84

0.64
0.91
0.89
0.76
1.00
0.99

0.05
0.06
0.05
0.05
0.06
0.07

0.02
0.03
0.03
0.03
0.04
0.05

0.07
0.08
0.05
0.07
0.04
0.07

0.05
0.05
0.03
0.04
0.04
0.06

0.08
0.07
0.05
0.06
0.06
0.09

0.04
0.04
0.04
0.04
0.05
0.05

0.06
0.07
0.05
0.08
0.08
0.08

0.05
0.03
0.04
0.05
0.06
0.06

0.15
0.27
0.24
0.27
0.61
0.36

0.19
0.39
0.34
0.46
0.86
0.56

0.10
0.14
0.18
0.16
0.31
0.20

0.14
0.22
0.23
0.19
0.48
0.29

0.28
0.55
0.46
0.45
0.96
0.78

0.50
0.85
0.76
0.69
1.00
0.94

0.31
0.61
0.54
0.47
0.96
0.78

0.54
0.86
0.80
0.68
1.00
0.98

Table A15. Empirical rejection frequencies of Ss.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4
M5

n=300 M1
M2
M3
M4

Mé

0.06
0.07
0.05
0.07
0.07
0.07

0.06
0.05
0.06
0.04
0.05
0.06

0.07
0.07
0.06
0.06
0.08
0.06

0.06
0.05
0.05
0.06
0.07
0.07

0.07
0.08
0.04
0.07
0.07
0.08

0.06
0.05
0.06
0.06
0.06
0.06

0.05
0.07
0.07
0.07
0.05
0.08

0.07
0.05
0.07
0.07
0.08
0.07

0.24
0.43
0.29
0.51
0.73
0.39

0.36
0.65
0.60
0.70
0.95
0.60

0.15
0.21
0.21
0.23
0.38
0.23

0.25
0.42
0.37
0.36
0.64
0.39

0.44
0.74
0.70
0.65
0.99
0.80

0.70
0.96
0.96
0.94
1.00
0.97

0.49
0.79
0.77
0.68
0.99
0.82

0.81
0.97
0.97
0.93
1.00
0.99

0.04
0.06
0.05
0.05
0.04
0.07

0.02
0.05
0.04
0.02
0.04
0.05

0.06
0.08
0.07
0.06
0.07
0.08

0.04
0.02
0.04
0.03
0.03
0.04

0.05
0.08
0.09
0.08
0.06
0.06

0.04
0.03
0.06
0.04
0.03
0.04

0.09
0.06
0.06
0.05
0.07
0.10

0.05
0.05
0.07
0.04
0.04
0.06

0.15
0.36
0.29
0.39
0.75
0.38

0.26
0.57
0.50
0.66
0.93
0.56

0.13
0.21
0.14
0.24
0.39
0.23

0.22
0.32
0.34
0.29
0.59
0.32

0.45
0.70
0.65
0.72
0.99
0.77

0.71
091
0.92
0.92
1.00
0.97

0.44
0.73
0.69
0.68
0.99
0.82

0.74
0.96
0.95
0.90
1.00
0.98

Table A16. Empirical rejection frequencies of Sy6.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=300 M1

0.06
0.06
0.04
0.03
0.03
0.05

0.05
0.05
0.04
0.06
0.04
0.04

0.07
0.04
0.06
0.05
0.04
0.04

0.03
0.06
0.05
0.06
0.05
0.04

0.06
0.07
0.06
0.05
0.06
0.07

0.06
0.06
0.05
0.06
0.04
0.03

0.06
0.05
0.05
0.07
0.05
0.05

0.04
0.07
0.06
0.06
0.04
0.04

0.17
0.36
0.25
0.34
0.74
0.38

0.36
0.87
0.73
0.97
1.00
0.84

0.11
0.20
0.19
0.18
0.37
0.18

0.22
0.55
0.46
0.63
0.80
0.49

0.39
0.82
0.67
0.64
0.99
0.88

0.75
1.00
0.99
1.00
1.00
0.99

0.40
0.81
0.74
0.58
0.99
0.88

0.78
1.00
0.99
1.00
1.00
0.99

0.02
0.01
0.04
0.04
0.04
0.04

0.05
0.02
0.04
0.04
0.03
0.03

0.03
0.03
0.03
0.05
0.02
0.05

0.03
0.03
0.02
0.05
0.03
0.03

0.03
0.02
0.03
0.06
0.04
0.05

0.04
0.03
0.03
0.05
0.06
0.04

0.03
0.03
0.05
0.04
0.04
0.05

0.05
0.01
0.03
0.04
0.04
0.04

0.16
0.45
0.35
0.69
0.94
0.48

0.36
0.87
0.67
0.96
0.99
0.84

0.09
0.26
0.18
0.26
0.50
0.21

0.25
0.50
0.39
0.54
0.76
0.49

0.37
0.90
0.64
0.95
0.99
0.86

0.77
1.00
0.98
1.00
1.00
0.99

0.43
0.90
0.72
0.92
0.99
0.89

0.77
1.00
0.98
1.00
0.99
0.99
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Table A17. Empirical rejection frequencies of Sy7.
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ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4

0.04
0.05
0.06
0.04
0.04
0.06

0.05
0.04
0.06
0.05
0.04
0.05

0.08
0.06
0.07
0.04
0.04
0.09

0.06
0.05
0.05
0.04
0.07
0.08

0.06
0.06
0.06
0.03
0.09
0.09

0.05
0.06
0.04
0.05
0.04
0.09

0.06
0.06
0.07
0.06
0.08
0.12

0.05
0.06
0.05
0.04
0.07
0.08

0.21
0.70
0.36
0.87
0.98
0.56

0.38
0.98
0.78
1.00
1.00
0.77

0.13
0.40
0.24
0.44
0.66
0.38

0.26
0.72
0.51
0.78
0.91
0.52

0.27
0.95
0.60
0.97
0.99
0.88

0.62
1.00
0.97
1.00
1.00
0.97

0.28
0.96
0.62
0.97
1.00
0.93

0.66
1.00
0.96
1.00
1.00
0.97

0.04
0.05
0.03
0.05
0.05
0.02

0.03
0.03
0.03
0.05
0.04
0.05

0.04
0.02
0.03
0.04
0.04
0.04

0.03
0.03
0.03
0.04
0.05
0.06

0.04
0.03
0.03
0.03
0.06
0.04

0.02
0.05
0.05
0.04
0.04
0.02

0.05
0.04
0.03
0.03
0.02
0.04

0.04
0.03
0.03
0.03
0.04
0.03

0.19
0.68
0.38
0.87
0.97
0.49

0.44
0.98
0.81
1.00
0.99
0.73

0.14
0.30
0.20
0.42
0.62
0.25

0.26
0.66
0.46
0.75
0.88
0.45

0.43
0.95
0.76
0.98
0.99
0.82

0.85
1.00
0.97
1.00
1.00
0.96

0.49
0.92
0.72
0.97
0.99
0.85

0.85
1.00
0.97
1.00
1.00
0.96

Table A18. Empirical rejection frequencies of Syg.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n=150

n=300

M1
M2
M3
M4
M5

M1
M2
M3
M4

Mé

0.05
0.04
0.05
0.04
0.05
0.05

0.07
0.05
0.05
0.05
0.04
0.06

0.06
0.07
0.06
0.05
0.09
0.09

0.04
0.05
0.06
0.04
0.06
0.05

0.06
0.05
0.06
0.06
0.06
0.08

0.05
0.04
0.04
0.03
0.05
0.07

0.07
0.07
0.05
0.06
0.07
0.10

0.07
0.05
0.04
0.04
0.05
0.07

0.20
0.72
0.38
0.88
0.98
0.57

0.39
0.97
0.77
1.00
1.00
0.77

0.13
0.41
0.22
0.45
0.61
0.38

0.26
0.74
0.48
0.79
0.90
0.52

0.28
0.94
0.63
0.99
0.99
0.85

0.65
1.00
0.95
1.00
1.00
0.98

0.27
0.96
0.63
0.98
0.99
0.90

0.62
1.00
0.94
1.00
1.00
0.98

0.03
0.04
0.02
0.04
0.03
0.03

0.03
0.06
0.04
0.06
0.04
0.04

0.04
0.02
0.05
0.03
0.05
0.03

0.04
0.03
0.04
0.04
0.04
0.03

0.02
0.03
0.03
0.05
0.03
0.03

0.05
0.03
0.03
0.04
0.04
0.04

0.04
0.04
0.04
0.04
0.05
0.04

0.03
0.04
0.05
0.04
0.05
0.04

0.20
0.69
0.34
0.84
0.95
0.51

043
0.98
0.77
0.99
1.00
0.73

0.14
0.31
0.25
0.40
0.61
0.24

0.28
0.63
0.52
0.75
0.87
0.46

0.45
0.92
0.74
0.98
0.99
0.87

0.82
1.00
0.97
1.00
1.00
0.96

0.46
0.91
0.80
0.96
0.99
0.86

0.86
1.00
0.97
1.00
1.00
0.96

Table A19. Empirical rejection frequencies of Syg.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S2

S3

Al

A2

A3

A4

n =300

0.05
0.06
0.03
0.06
0.05
0.07

0.05
0.05
0.05
0.05
0.05
0.04

0.06
0.04
0.05
0.07
0.05
0.04

0.04
0.03
0.06
0.03
0.03
0.04

0.05
0.05
0.04
0.06
0.04
0.05

0.04
0.04
0.05
0.05
0.04
0.05

0.06
0.05
0.06
0.06
0.03
0.04

0.06
0.06
0.05
0.04
0.04
0.04

0.31
0.50
0.49
0.71
0.79
0.33

0.50
0.82
0.75
0.90
0.95
0.55

0.22
0.31
0.31
0.36
0.41
0.22

0.39
0.51
0.49
0.60
0.67
0.38

0.63
0.81
0.84
0.96
0.97
0.62

0.92
0.98
0.99
1.00
0.99
0.85

0.67
0.81
0.90
0.94
0.96
0.66

0.92
0.99
1.00
1.00
1.00
0.89

0.05
0.02
0.04
0.03
0.04
0.02

0.04
0.04
0.02
0.04
0.04
0.04

0.06
0.03
0.03
0.05
0.03
0.03

0.04
0.03
0.05
0.03
0.03
0.03

0.05
0.03
0.04
0.04
0.03
0.03

0.04
0.05
0.06
0.04
0.04
0.03

0.05
0.04
0.07
0.03
0.05
0.03

0.04
0.03
0.03
0.05
0.05
0.04

0.26
0.47
0.35
0.64
0.77
0.30

0.41
0.77
0.70
0.91
0.95
0.54

0.21
0.26
0.25
0.35
0.40
0.21

0.29
0.46
0.43
0.63
0.65
0.37

0.49
0.76
0.77
0.95
0.96
0.59

0.87
0.97
0.98
1.00
0.99
0.86

0.58
0.74
0.80
0.95
0.95
0.65

0.85
0.97
0.99
1.00
0.99
0.90
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Table A20. Empirical rejection frequencies of Sy.

ARSB

STB

S1

S2

S3

Al

A2

A3

A4

S1

S3

Al

A2

A3

A4

n=150 M1
M2
M3
M4

n=300

0.05
0.07
0.05
0.04
0.05
0.06

0.04
0.02
0.05
0.04
0.05
0.05

0.07
0.05
0.06
0.07
0.05
0.05

0.04
0.04
0.04
0.05
0.04
0.06

0.07
0.06
0.05
0.04
0.07
0.06

0.04
0.04
0.04
0.05
0.06
0.04

0.06
0.05
0.07
0.06
0.04
0.07

0.06
0.06
0.05
0.05
0.05
0.02

0.26
0.79
0.55
0.82
0.98
0.66

0.49
0.97
0.85
0.99
1.00
0.90

0.22
0.43
0.31
0.45
0.61
0.35

0.35
0.71
0.57
0.72
0.86
0.62

0.60
0.99
0.94
0.99
1.00
0.98

0.89
1.00
1.00
1.00
1.00
1.00

0.64
1.00
0.97
0.98
1.00
0.99

0.94
1.00
1.00
1.00
1.00
1.00

0.03
0.04
0.04
0.05
0.03
0.06

0.05
0.04
0.03
0.05
0.05
0.06

0.04
0.03
0.04
0.06
0.04
0.04

0.03
0.04
0.04
0.05
0.03
0.05

0.05
0.04
0.04
0.05
0.05
0.05

0.06
0.03
0.05
0.05
0.03
0.06

0.05
0.02
0.04
0.05
0.03
0.06

0.04
0.03
0.04
0.05
0.03
0.06

0.21
0.72
0.49
0.83
0.97
0.64

0.45
0.95
0.79
1.00
1.00
0.91

0.14
0.36
0.25
0.43
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